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Abstract. The bicovariant differential calculus on the three-dimensional κ-Poincare´
group and the corresponding Lie-algebra structure are described. The equivalence of
this Lie-algebra structure and the three-dimensional κ-Poincare´ algebra is proved.
I. Introduction
Recently, considerable interest has been paid to the deformations of groups and
algebras of space-time symmetries [1]. In particular, an interesting deformation of
the Poincare´ algebra [2] as well as group [3] has been introduced which depend on
dimensionful deformation parameter κ; the relevant objects are called κ-Poincare´
algebra and κ-Poincare´ group, respectively. Their structure was studied in some
detail and many of their properties are now well understood. The κ-Poincare´ al-
gebra and group for the space-time of any dimension has been defined [4], the
realizations of the algebra in terms of differential operators acting on commutative
Minkowski as well as momentum spaces were given [5]; the unitary representations
of the deformed group were found [6]; the deformed universal covering ISL(2,C)
was constructed [7]; the bicrossproduct [8] structure, both of the algebra and group
was revealed [9]. The proof of formal duality between κ-Poincare´ group and κ-
Poincare´ algebra was also given, both in two [10] as well as in four dimensions [11].
One of the important problems is the construction of the bicovariant differential
calculus on κ-Poincare´ group. Using an elegant approach due to Woronowicz [12],
the differential calculi on four-dimensional Poincare´ group [13], as well as on the
Minkowski space [14] were constructed.
In the present paper we briefly sketch the construction of the differential calculus
on the three-dimensional κ-Poincare´ group. Apart from possible applications to the
three dimensional field theory the calculus presented here is very interesting on its
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own and significantly differs from the calculi defined on four-dimensional ([13]) and
two-dimensional ([15]) κ-Poincare´ group.
It is well known that in most cases of bicovariant differential calculi on the
quantum groups the space of (say) left-invariant 1-forms has larger dimensionality
than its classical counterpart. However, in many cases it is sufficient to add one
additional biinvariant form; the corresponding left-invariant vector field reduces,
in the classical limit, to quadratic Casimir operator [15], [16]. In the case under
consideration it appears that it is necessary to add further invariant form related
to Pauli-Lubanski invariant.
The paper is organized as follows. The remaining part of the introduction is
devoted to the description of κ-Poincare´ algebra and group and their formal duality.
In Section II the bicovariant ∗-calculus on three-dimensional κ-Poincare´ group is
constructed. In Section III we obtain the corresponding Lie algebra and prove its
equivalence to the κ-Poincare´ algebra. Finally, in Section IV some conclusions are
given. Some calculations are relegated to the Appendix.
The three-dimensional κ-Poincare´ group Pκ is the Hopf ∗-algebra defined as
follows [3]. Consider the universal ∗-algebra with unity, generated by selfadjoint
elements Λµν , x
µ subject to the following relations
[xµ, xν ] =
i
κ
(δ0
µxν − δ0
νxµ),
[Λµν , x
ρ] = −
i
κ
((Λµ0 − δ0
µ)Λρν + (Λ
0
ν − δν
0)gµρ)
(1.1)
here gµρ = g
µρ = diag (+,−,−) is the metric tensor.
The comultiplication, antipode and counit are defined as follows
∆(Λµν) = Λ
µ
ρ ⊗ Λ
ρ
ν ,
∆(xµ) = Λµν ⊗ x
ν + xµ ⊗ I,
S(Λµν) = Λν
µ,
S(xµ) = −Λν
µxν ,
ε(Λµν) = δ
µ
ν ,
ε(xµ) = 0.
(1.2)
It is easy to see [9] that Pκ has the bicrossproduct structure [8]
Pκ = T
∗
⊲◭ C(S0(2, 1)) (1.3)
where C(S0(2, 1)) is the standard Hopf algebra of functions defined over the Lorentz
group, while T ∗ is defined by the relations
[xµ, xν ] =
i
κ
(δ0
µxν − δ0
νxµ),
[∆(xµ) = xµ ⊗ I + I ⊗ xµ,
S(xµ) = −xµ,
ε(xµ) = 0.
(1.4)
Indeed, it is sufficient to define the following structure functions
β(xµ) = Λµν ⊗ x
ν ,
Λµν ⊳ x
ρ = [Λµν , x
ρ].
(1.5)
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The three-dimensional κ-Poincare´ algebra P˜κ was first introduced in the third
paper of [2]. We present it below in the Majid and Ruegg basis ([9]). It is a
quantized universsal envelopping algebra in the sense of Drinfeld ([18]) described
by the following relations
[Pµ, Pν ] = 0,
[M,P0] = 0,
[M,Pk] = iεklPl,
[M,Nk] = iεklNl,
[N1, N2] = −iM,
[Ni, Pj ] = iδij
(κ
2
(1− e−2P0/κ) +
1
2κ
~P
2
)
−
i
κ
PiPj ,
∆P0 = P0 ⊗ I + I ⊗ P0,
∆Pi = Pi ⊗ e
−P0/κ + I ⊗ Pi,
∆Mi =Mi ⊗ I + I ⊗Mi,
∆Ni = I ⊗Ni +Ni ⊗ e
−P0/κ +
1
κ
εijM ⊗ Pj ,
S(P0) = −P0,
S(Pi) = −e
P0/κPi,
S(Mi) = −Mi,
S(Ni) = −Nie
P0/κ +
1
κ
εijM Pje
P0/κ,
ε(X) = 0, , X = Pµ,M,Ni,
(1.6)
here µ = 0, 1, 2 and i, j, k = 1, 2.
Again, we can write
P˜κ = T ◮⊳ U(so(2, 1)) (1.7)
where U(so(2, 1)) is classical envelopping algebra of so(2, 1) while T is defined as
follows
[Pµ, Pν ] = 0,
∆P0 = P0 ⊗ I + I ⊗ P0,
∆Pi = Pi ⊗ e
−P0/κ + I ⊗ Pi,
S(P0) = −P0,
S(Pi) = −e
P0/κPi,
ε(Pµ) = 0.
(1.8)
In order to show that (1.7) holds it is sufficient to define ([9])
M ⊲ Pµ = [M,Pµ],
Ni ⊲ Pµ = [Ni, Pµ],
δ(M) = M ⊗ I,
δ(Ni) = Ni ⊗ e
−P0/κ +
1
κ
εijM × Pj .
(1.9)
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It has been shown recently [11] that Pκ and P˜κ are formally dual to each other.
The relevant duality relations read
〈Λµ1ν1 . . . Λ
µn
νn ,Mαβ〉 = i
n∑
k=1
(δµkα gνkβ − δ
µk
β gνkα)
∏
l 6=k
δµlνl ,
〈: F (xµ) :, f(pν)〉 = f
(
i
∂
∂xν
)
F (xµ)|x=0.
(1.10)
The normal product : F (xµ) : is defined as the one in which all x0 factors stand
leftmost. The variables xµ on the right-hand side of (1.10) are viewed as commuting
ones.
II. Bicovariant ∗-calculus on κ-Poincare´ group
Let us recall the main result of Woronowicz theory. Given a Hopf algebra A and
a ∈ A, we write
(∆⊗ I) ◦∆(a) = (I ⊗∆) ◦∆(a) =
∑
k
ak ⊗ bk ⊗ ck (2.1)
and define the adjoint action on a
ad(a) =
∑
k
bk ⊗ S(ak)ck. (2.2)
According to Woronowicz ([12]) a bicovariant ∗-calculus is uniquely defined by the
choice of right ideal R ⊂ ker ε which has the following properties
(i) R is ad-invariant, i.e. ad(R) ⊂ R⊗A,
(ii) for any a ∈ R, S(a)∗ ∈ R.
The standard calculus in the commutative case is obtained by choosingR = (ker ε)2.
Below (Theorem 1) we construct the relevant ideal for κ-Poincare´ group. It can
be obtained as follows. One starts with (ker ε)2. However, due to the noncommu-
tativity, it fails to satisfy (i). It appears that this can be cured by adding to the
generators of (ker ε)2 some terms linear in generators of ker ε (and proportional to
1/κ); new generators form a (not completely reducible) multiplet under the ad-
joint action of Pκ. Moreover, (ii) is also satisfied. The whole procedure would
be rather straightforward were it not for the fact that the ideal obtained is too
large — it produces the calculus which has smaller dimensionality than its classical
counterpart. Therefore, we are forced to consider a smaller ideal. This can be
achieved by subtracting some subrepresentations from the representation spanned
by the generators under consideration. We performed this subtraction in the most
economical way: one trace and one completely antisymmetric representations have
been subtracted.
The final result can be summarized as follows.
Let us introduce the following notation
∆µν = Λ
µ
ν − δ
µ
ν ,
∆µν
α ≡ xα(Λµν − δ
µ
ν)−
i
κ
(δ0ν(Λ
µα − gµα) + Λµ0(Λ
α
ν − δ
µ
ν)),
xµν ≡ xµxν +
i
κ
(gµνx0 − g0µxν).
(2.3)
Then the following theorem holds
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Theorem I. Let R ⊂ ker ε be the right ideal generated by the following elements
∆αβ∆
µ
ν ,
∆˜µνα ≡ ∆µνα −
1
6
ερσγ∆ρσγ ,
x˜µν ≡ xµν −
1
3
gµνxαα.
Then R has the following properties
(i) R is ad-invariant, ad(R) ⊂ R⊗Pκ,
(ii) for any a ∈ R, S(a)∗ ∈ R.
(iii) ker ε/R is spanned by the following elements
xµ; Λµν , µ < ν; ϕ ≡ x
α
α = x
2 +
2i
κ
x0,
∆ ≡ εµνα∆
µνα.
We shall omit the proof of this theorem which goes along the same lines as in
the four-dimensional case (see the second paper of [13]) and is long. Let us only
note the following:
(a) ∆µν
α and xµν are ’improved” generators of (ker ε)2 (∆αβ∆
µ
ν is the same
as in the classical case) which form the (not completely reducible) multiplet
under adjoint action of Pκ (see Appendix);
(b) the ideal generated by ∆αβ∆
µ
ν , ∆
µ
ν
α, xµν equals ker ε; in order to obtain
reasonable (in the sense that it contains all differentials dxµ, dΛαβ) calculus
we have subtracted the trace of xµν and completely antisymmetric part of
∆µν
α;
(c) it is easy to conclude from (iii) that our calculus is eight-dimensional.
Having established the structure of R we can now follow closely the Woronowicz
construction. First, we define the left-invariant 1-forms. The basis of the space of
left-invariant 1-forms is spanned by the elements of the form πr−1(I ⊗ ai), where
{ai} is a basis in ker ε/R, the operation r
−1 is defined by
r−1(a⊗ b) = (a⊗ I)(S ⊗ I)∆(b) (2.6)
and the operation π is defined by
π(
∑
ak ⊗ bk) =
∑
akdbk (2.7)
where
Pκ ⊗ Pκ ∋
∑
ak ⊗ bk
is such an element that ∑
akbk = 0.
We readily obtain
ωµν ≡ πr
−1(I ⊗ (Λµν − δ
µ
ν)) = Λα
µdΛαν ,
ωα ≡ πr−1(I ⊗ xα) = Λµ
αdxµ,
ω ≡ πr−1(I ⊗ ϕ) = dϕ− 2xµdx
µ,
Ω ≡ πr−1(I ⊗∆) = εναβΛσ
νωβΛσα +
2i
κ
εoαβω
αβ.
(2.8)
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The next step is to find the commutation rules between the invariant forms and
the generators of Pκ. This is again straightforward and can be briefly explained as
follows.
We write
bωi − ωib = πr
−1r[(b ⊗ I)r−1(I ⊗ ai)− r
−1(I ⊗ ai)(I ⊗ b)]
where
r(a⊗ b) = (a⊗ I)∆(b).
Due to the formulae ([12])
r((a ⊗ I)q) = (a⊗ I)r(q), r(q(I ⊗ a)) = r(q)∆(a)
we get
r[(b ⊗ I)r−1(I ⊗ ai)− r
−1(I ⊗ ai)(I ⊗ b)] = b⊗ ai − (I ⊗ ai)∆(b).
Then we use the relations describing our ideal R to simplify the right-hand side
and apply again π ◦ r−1. The detailed calculations results in the following formulae
[Λµν , ω
α
β ] = 0,
[xα, ωµν ] = −
i
κ
(δ0νΛ
α
ρω
µρ + δµ
0
Λαρω
ρ
ν − Λ
α
νω
µ
0 − Λ
αµω0ν)
−
1
6
εµν
βΛαβΩ,
[Λµν , ω
α] = −
i
κ
(δ0νΛ
µ
ρω
ρα + Λµ0ω
α
ν)−
1
6
ερν
αΛµρΩ,
[xµ, ωα] = −
1
3
Λµαω +
i
κ
Λµαω0 −
i
κ
δα0Λ
µ
ρω
ρ,
[Λµν , ω] =
3
κ2
Λµρω
ρ,
[xµ, ω] =
3
κ2
Λµρω
ρ
ν ,
[Λµν , Ω] = 0,
[xµ, Ω] =
3
κ2
εβρσΛ
µβωρσ.
(2.10)
Let us now define the right action of Pκ on 1-forms ([12])
Γ∆(adb) = ∆(a)(d⊗ I)∆(b).
Simple calculations give
Γ∆(ω
µ
ν) = ω
ρ
σ ⊗ Λρ
µΛσν ,
Γ∆(ω
µ) = ωρσ ⊗ Λρ
µxσ + ωρ ⊗ Λρ
µ,
Γ∆(ω) = ω ⊗ I,
Γ (Ω) = Ω ⊗ I
(2.11)
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which gives the following right-invariant forms
ηµν = ω
β
γΛ
µ
βΛν
γ ,
ηµ = −ωβγΛρ
µxρΛµβ + ω
βΛµβ ,
η = ω,
Θ = ω.
(2.12)
This concludes the description of bimodule Γ of 1-forms on Pκ. External algebra
can be now constructed as follows [12]. On Γ⊗2 we define a bimodule homomor-
phism σ such that
σ(ω ⊗
Pκ
η) = η ⊗
Pκ
ω (2.13)
for any left-invariant ω ∈ Γ and any right-invariant η ∈ Γ . Then by definition
Γ∧2 =
Γ⊗2
ker(I − σ)
. (2.14)
Higher external power of Γ can be constructed in a similar way [12]. The result
of action of σ on our forms is given in Appendix. Finally, after long analysis we
obtain the following set of relations
ωµν ∧ ω
α
β + ω
α
β ∧ ω
µ
ν = 0,
ω ∧ ω = 0,
Ω ∧Ω = 0,
ω ∧Ω +Ω ∧ ω = 0,
Ω ∧ ωµν + ω
µ
ν ∧Ω = 0,
ωµν ∧ ω + ω ∧ ω
µ
ν −
3
κ2
ωσν ∧ ωσ
µ = 0,
ωµν ∧ ω
α + ωα ∧ ωµν +
i
κ
δν0ω
α
ρ ∧ ω
µ
ρ +
i
κ
δ0
µωαρ ∧ ω
ρ
ν
−
i
κ
ωαν ∧ ω
µ
0 −
i
κ
ωαµ ∧ ω0ν = 0,
ωµ ∧Ω +Ω ∧ ωµ +
3
κ2
εµρβων
β ∧ ωρν = 0,
ω ∧ ωµ + ωµ ∧ ω −
3
κ2
ωµρ ∧ ωρ = 0,
ωµ ∧ ων + ων ∧ ωµ +
i
κ
δ0
νωµρ ∧ ωρ +
i
κ
δ0
µωνρ ∧ ωρ = 0.
(2.15)
The basis in Γ∧2 consists of the following elements
ωαβ ∧ ωµν (α < β, µ < ν, (αβ) 6= (µν), α < µ),
ωαβ ∧ ωµ, ωαβ ∧ ω, ωαβ ∧Ω, ωα ∧ ωµ (α < µ),
ωα ∧ ω, ωα ∧Ω, ω ∧Ω
and dimΓ∧2 =
(
8
2
)
.
8 P. KOSIN´SKI, M. MAJEWSKI, P. MAS´LANKA
The next step is to introduce the ∗-operation. Due to Theorem I this can be
done considently; moreover, it is sufficient to consider 1-forms. One gets
(ωµν)
∗ = ωµν ,
(ωµ)∗ = ωµ −
i
κ
ωµ0,
ω∗ = −ω,
Ω∗ = −Ω.
(2.16)
To complete our exterior calculus we derive the Cartan–Maurer equations. The
existence of external derivative is granted by Theorem 4.1 of [12]. (2.8) imply then
the following formulae for external derivatives of left-invariant forms
dωµν = ωρ
µ ∧ ωρν ,
dωµ = ωρ
µ ∧ ωρ,
dω = 0,
dΩ = 0.
(2.17)
III. The Lie algebra like structure
Let us derive the counterpart of the classical Lie algebra. To this end we intro-
duce the counterparts of the left-invariant fields. They are defined by the formula
da =
1
2
(χ
µν
∗ a)ωµν + (χ
µ
∗ a)ωµ + (χ ∗ a)ω + (λ ∗ a)Ω (3.1)
where, for any linear functional ϕ on Pκ,
ϕ ∗ a ≡ (I ⊗ ϕ)∆(a). (3.2)
The product of two functionals ϕ1, ϕ2 is defined by the standard duality relation
ϕ1ϕ2(a) ≡ (ϕ1 ⊗ ϕ2)∆(a). (16)
In order to find the Lie algebra structure, we apply the external derivative to both
sides of (3.1), we use d2a = 0 on the left-hand side and calculate the right-hand side
using (2.17) and again (3.1). Nullifying the coefficients in front of basis elements of
Γ∧2, we find the quantum Lie algebra
[m, li] =
(
1 +
i
κ
χ
0
−
3
κ2
χ
)
εiklk −
i
κ
χ
i
m+
6
κ2
λχ
i
,
[mi, lj ] = −
(
1 +
2i
κ
χ
0
−
3
κ2
χ
)
εijm+
6
κ2
εijλχ0 ,
[m,χ
0
] = 0,
[m,χ
i
] =
(
1 +
i
κ
χ
0
−
3
κ2
χ
)
εikχk ,
[li, χ0 ] =
(
1 +
i
κ
χ
0
−
3
κ2
χ
)
χ
i
,
[li, χk ] = δik
(
1 +
i
κ
χ
0
−
3
κ2
χ
)
χ
0
,
[χ
µ
, χ
ν
] = 0
(3.4)
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while λ and χ commute with all generators; here m = χ
12
, li = χi0 .
Finally, the involution for χ’s and λ can be defined using (2.16) together with
the Woronowicz duality relations ([12]), which in our case, read
〈ωµν , χ
αβ
〉 = δµαδ
ν
β − δ
µ
βδ
ν
α,
〈ων , χ
µ
〉 = δνµ,
〈ω, χ〉 = 1,
〈Ω, λ〉 = 1.
(3.5)
the reamining brackets being vanishing. If one puts
〈ψ, η∗〉 = −〈ψ∗, η〉
one readily gets
χ∗
µ
= −χ
µ
,
m∗ = −m,
l∗i = −li −
i
κ
χ
i
,
χ∗ = χ,
λ∗ = λ.
(3.5)
Having our quantum Lie algebra constructed, we can now pose the question what
is the relation between our functionals and the elements of the κ-Poincare´ algebra
P˜κ.
It has been shown ([11]) that Pκ and P˜κ are formally dual. Therefore we expected
our functionals to be expressible in terms of the elements of P˜κ.
To show this let us note that, in the notation introduced in (1.6) the following
substitutions reproduce (3.4)
χ
0
= −i
(
κ sh
(P0
κ
)
+
~P
2
2κ
eP0/κ
)
,
χ
i
= −ieP0/κPi,
χ = −
1
6
(
4κ2 sh2
(P0
2κ
)
− ~P
2
eP0/κ
)
,
λ = −
1
6
((
κ sh
(P0
κ
)
+
~P
2
2κ
eP0/κ
)
M + (P1N2 − P2N1)e
P0/κ
)
,
m = −ieP0/κM −
6i
κ
λ,
li = −ie
P0/κNi.
(3.7)
Then, from the Woronowicz theory, it follows that the coproducts of the functionals
ϕi (ϕi = χµν , χν , χ, λ) can be written in the form
∆ϕi =
∑
j
ϕj ⊗ fji + I ⊗ ϕi (3.8)
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where fji are the functionals entering commutation rules between the left-invariant
forms and elements of Pκ
ωja =
∑
i
(fji ∗ a)ωi (3.9)
They are therefore calculable, in principle at least, in terms of what we already
know. In order to check (3.7) we have first to compare the coproducts. Using (1.6)
and (3.7) one obtains
∆χ
0
= χ
0
⊗
(
ch
(P0
κ
)
+
~P
2
2κ
eP0/κ
)
+ χ
i
⊗
1
κ
Pi
+ χ⊗
3i
κ
(
sh
(P0
κ
)
+
~P
2
2κ
eP0/κ
)
+ I ⊗ χ
0
∆χ
i
= χ
i
⊗ I + χ
0
⊗
1
κ
Pie
P0/κ + χ⊗
3i
κ2
Pie
P0/κ + I ⊗ χ
i
∆χ = χ
0
⊗
(
−
i
3
)(
κ sh
(P0
κ
)
+
~P
2
2κ
eP0/κ
)
+ χ
i
⊗
(
−
i
3
)
Pi
+ χ⊗
(
ch
(P0
κ
)
+
~P
2
2κ
eP0/κ
)
+ I ⊗ χ
∆λ = λ⊗
(
ch
(P0
κ
)
−
~P
2
2κ
eP0/κ
)
+ χ
j
⊗
(
−
i
6κ
PjM −
i
6
εjkNk
)
+ χ
0
⊗
[
−
i
6
(
κ ch
(P0
κ
)
+
~P
2
2κ
eP0/κ
)
M −
i
6κ
εjkPjNke
P0/κ
]
+ χ⊗
1
2κ2
[(
κ sh
(P0
κ
)
+
~P
2
2κ
eP0/κ
)
M + εjkPjNke
P0/κ
]
lk ⊗
(
−
i
6
)
εjkPj +m⊗
(
−
i
6
)(
κ sh
(P0
κ
)
−
~P
2
2κ
eP0/κ
)
+ I ⊗ λ
∆li = li ⊗ I + χ0 ⊗
1
κ
eP0/κNi + χ⊗
3i
κ2
eP0/κNi +m⊗
1
κ
εike
P0/κPk
+ λ⊗
6i
κ2
εike
P0/κPk + I ⊗ li
∆m = m⊗
(
ch
(P0
κ
)
+
~P
2
2κ2
eP0/κ
)
+ χ
0
⊗
[ 1
κ
(
ch
(P0
κ
)
−
~P
2
2κ
eP0/κ
)
M −
1
κ2
εjkPjNke
P0/κ
]
+ χ⊗
3i
κ3
((
κ ch
(P0
κ
)
−
~P
2
2κ
eP0/κ
)
M − εjkPjNke
P0/κ
)
+ λ⊗
(6i
κ
)(
sh
(P0
κ
)
+
~P
2
2κ2
eP0/κ
)
+ χ
j
⊗
(
−
1
κ2
PjM −
1
κ
εjkNk
)
+ lk ⊗
(
−
1
κ
)
εjkPj + I ⊗m.
(3.10)
Formulae (3.10) have the expected form (3.9). To show that the functionals fji
in (3.8), (3.9) coincide with those defined by (3.10), let us note the following. The
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coassociativity implies the relations ([12])
∆fji =
∑
k
fjk ⊗ fki. (3.11)
The same relations must hold true for the functionals appearing on the right-hand
sides of (3.10) (the coproduct for P˜κ is consistent and coassociative as well). There-
fore it is suffcicient to check that the two sets of functionals fji defined above take
the same values on generators of Pκ. The relevant values for the functionals de-
fined in (3.9) are readily obtained by using the explicit form of the commutation
rules (2.10). On the other hand, for the functionals defined by (3.10) we use the
duality Pκ ⇐⇒ P˜κ established in [11]. As it was mentioned in the introduction,
both Pκ and P˜κ have the bicrossproduct structure. From the bicrossproduct the-
ory it follows that the generic element of Pκ (resp. P˜κ) can be written as X ⊗ Λ
(resp. P ⊗M) where X (resp. P ) is an arbitrary element of T ∗ (resp. T ) while Λ
(resp. M) — an arbitrary element of C(S0(2, 1)) (resp. U(so(2, 1))). The duality
relations can be written as
〈X ⊗ Λ,P ⊗M〉 = 〈X,P 〉〈Λ,M〉. (3.12)
Using (3.12) together with (1.10) we have checked that both definitions of function-
als fji indeed coincide. In order to complete the proof of (3.7) it is now sufficient
to compare the values of both sides on generators of Pκ. For the left-hand side we
use (3.1) while the right-hand side is calculated with the help of duality relations
(1.10) and (3.12).
Thus we have shown that the functionals appearing in the Woronowicz formu-
lation of differential calculus are formally expressible in terms of elements of P˜κ.
In particular, χ is proportional to the first Casimir operator, while λ provides a
deformation of Pauli-Lubanski invariant.
As in the four-dimensional case the relation between χ and χ
µ
does not follow
from Cartan-Maurer equations. However, contrary to the four-dimensional case,
the relation
λ =
1
12
εµναχ
µ
χ
να
, (3.13)
which is readily obtainable from (3.7), is not derivable from Cartan-Maurer equa-
tions in contrast with its four-dimensional counterpart.
IV. Conclusions
We have constructed bicovariant ∗-calculi on three-dimensional κ-Poincare´ group.
The starting point was the Woronicz theory of differential calculi on quantum
groups. The main ingredience of this approach is the choice of right ideal in ker ε
which is invariant under the adjoint action of the group. In the classical case
the ideal under consideration is (ker ε)2. In order to obtain as slight as possible
deformation of classical calculus we have started with the generators of (ker ε)2.
However, it appeared that they do not form a multiplet under the action of the
κ-Poincare´ group. To cure this we have modified them by adding the appropri-
ate, κ-dependent terms. Due to the noncommutativity, the ideal generated in this
way coincided with the whole ker ε. Therefore, it appeared necessary to subtract
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from the new generators some ad-invariant terms. As a consequence the resulting
calculus contains more invariant forms than its classical counterpart. This results
in increasing the dimensions of the relevant Lie algebra. The additional elements
provide the deformations of mass squared invariant and Pauli-Lubanski invariant.
The Woronowicz theory provides us with a unique generalization of the notion of
left-invariant vector fields. We have shown that the relevant functionals are express-
ible in terms of generators of κ-Poincare´ algebra, the number of the latter being
equal to the dimension of the classical Poincare´ algebra. Therefore, there must be
relation between the Woronowicz functionals. In our case the functionals χ and λ
are expressible in terms of the functionals χ
µ
and χ
µν
.
V. Appendix
A.1. In this part of the Appendix we give the explicit formulae for the adjoint
action of the Pκ on the elements ∆
α
β , ∆
µ
ν , ∆
µνα and xαβ
ad(∆αβ∆
µ
ν) = ∆
ρ
σ∆
γ
δ ⊗ Λρ
µΛσνΛγ
αΛδβ,
ad(∆µνα) = ∆ρσ∆
β
γ ⊗ Λρ
µΛβ
αΛσνxγ
+∆ρσβ ⊗ Λρ
µΛβ
αΛσ
ν ,
ad(xαβ) = xµν ⊗ Λµ
αΛν
β + (∆µρν +∆νρµ)⊗ Λµ
αΛν
βxρ
+∆µρ∆
ν
σ ⊗ Λµ
αΛν
β
(
xρxσ −
i
κ
gρσx0 +
i
κ
g0σxρ
)
.
(A1)
From (A1) we conclude that (∆αβ∆
µ
ν , ∆
µνα, xµν) span a linear ad-invariant set.
Moreover, with respect to the Lorentz part of κ-Poincare´ group they transform
as the corresponding tensors; note also that only the symmetric (with respect to
µ, ν) part of ∆µαν enters the transformation rule for xαβ . Therefore the lin-
ear set spanned by ∆αβ∆
µ
ν , ∆˜
µνα and x˜µν which is obtained by subtracting the
completely antisymmetric subrepresentation from ∆µνα and the scalar (trace) sub-
representation from xµν is also ad-invariant. By Lemma 1.7 of [12] the ideal R is
ad-invariant.
A.2. The action of σ is
σ(ωµν ⊗ ω
α
β) = ω
α
β ⊗ ω
µ
ν ,
σ(ωµν ⊗ ω) = ω ⊗ ω
µ
ν ,
σ(ωµ ⊗ ω) = ω ⊗ ωµ,
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σ(ω ⊗ ω) = ω ⊗ ω,
σ(Ω ⊗ ω) = ω ⊗Ω,
σ(Ω ⊗Ω) = Ω ⊗Ω,
σ(ω ⊗Ω) = Ω ⊗ ω,
σ(ωµν ⊗Ω) = Ω ⊗ ω
µ
ν ,
σ(ωµ ⊗Ω) = Ω ⊗ ωµ,
σ(Ω ⊗ ωµν) = ω
µ
ν ⊗Ω,
σ(Ω ⊗ ωµ) = ωµ ⊗Ω −
3
κ2
εβρνω
µβ ⊗ ωρν ,
σ(ωµν ⊗ ω
α) = ωα ⊗ ωµν +
i
κ
(δ0νω
α
ρ ⊗ ω
µρ
+ δµ0ω
α
ρ ⊗ ω
ρ
ν − ω
α
ν ⊗ ω
µ0 − ωαµ ⊗ ω0ν)
+
1
6
εµν
σωασ ⊗Ω,
σ(ωα ⊗ ωµν) = ω
µ
ν ⊗ ω
α +
i
κ
(δ0νω
µ
σ ⊗ ω
σα + ωµ0 ⊗ ω
αν
+ δµ
0
ωσν ⊗ ωσ
α + ω0ν ⊗ ω
αµ) +
1
6
εσν
αωµσ ⊗Ω
+
1
6
εσµαωσν ⊗Ω,
σ(ω ⊗ ωµ) = ωµ ⊗ ω +
3i
κ3
(ωρµ ⊗ ωρ0 + ωρ0 ⊗ ω
ρµ − δµ
0
ωρσ ⊗ ωσ
ρ)
−
3
κ2
(ωµρ ⊗ ωρ + ωρ ⊗ ω
ρµ) +
1
2κ2
εµρσωρσ ⊗Ω,
σ(ω ⊗ ωµν) = ω
µ
ν ⊗ ω −
3
κ2
(ωσν ⊗ ωσ
µ − ωσ
µ ⊗ ωσν),
σ(ωµ ⊗ ων) = ων ⊗ ωµ +
1
3
ωνµ ⊗ ω +
i
κ
(ω0 ⊗ ωµν + ωµν ⊗ ω0)
+
1
κ2
(ω0
ν ⊗ ωµ0 + ω0
µ ⊗ ω0
ν)
+
1
κ2
(δν0ω
ρµ ⊗ ωρ0 + δ
µ
0
ωρ0 ⊗ ω
ρν)
+
i
κ
(δν
0
ωρ ⊗ ωρ
µ + δµ
0
ωνρ ⊗ ω
ρ
−
i
κ2
δν
0
δµ
0
ωρσ ⊗ ωρ
σ −
i
6κ
ενµσω0σ ⊗Ω
−
1
6
ενρ
µωρ ⊗Ω
+
1
2κ2
ενρ
µεστλω
ρσ ⊗ ωτλ.
The action of σ seems to be as much complicated as in four-dimensional case [13].
In spite of that the exterior calculus appears to be simpler: the dimension of Γ∧2
equals
(
dimΓ
2
)
.
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